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Abstract
The Poisson structure in the quaternion variables was proposed
for asymmetric top in the external axially symmetric magnetic field.
For that model of interaction the motion equation were got. The
model was simulated in the neighbourhood of a relative equilibrium
of the symmetric top – Orbitron by Monte Carlo method. For small
deviations with respect to the symmetry we observe the persistence of
the stability.
Keywords: quaternion, Poisson structure, asymmetric top, Or-
bitron.
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1 Introduction
In papers [1,2] were present the basic theoretical results on the investigation
of use quaternions in Hamiltonian dynamics of a rigid body and in particular
in the framework of the Poisson structure for quaternion variables we have
the brackets
(1)


{xi, xk} = 0, {xi, qµ} = 0, {xi,Πj} = 0;
{pi, qµ} = 0, {pi,Πj} = 0;
{xi, pk} = δik, i, k = 0, 1, 2;
{qµ, qν} = 0, µ, ν = 0, 1, 2, 3;
{Πi, q0} = qi;
{Πi, qj} = −q0δij − εijlql;
{Πi,Πj} = −2εijlΠl
with quite general form of Hamiltonian:
(2) H ((x,p), (q,Π)) =
1
2m
p2 + Tspin ((x,p), (q,Π)) + V (x, q)
where
(3) Tspin ((x,p), (q,Π)) =
1
8
ΠI−1Π =
1
8
(
Π21
I1
+
Π22
I2
+
Π23
I3
)
(I – the diagonal matrix of the tensor of inertia in the coordinates system
associated with a body, where corresponding diagonal elements are I1, I2, I3;
Π = 2M, where Mi – components of the intrinsic angular momentum in body
frame) the motion equations of a rigid body were obtained [1]:
(4)


x˙ = 1
m
p;
p˙ = −∂xV ;
q˙ = 1
2
qΩ −→ q−1q˙ = 1
2
Ω;
Π˙ = −ℑ
(
ΩΠ+ q−1∇(q)V
)
where ℑ( ) — vectorial part of the quaternion; xi – the coordinates of the
center of mass a rigid body, q = (q0, q) – the unit quaternion that describes
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the rotation from the inertial reference frame to the frame of reference con-
nected with a body, pi – the components of the linear momentum, Πi – the
components of the angular momentum in the frame of reference associated
with the body.
Here the translational degrees of freedom are given in the inertial reference
frame, and rotational in the reference frame associated with the body, i.e.
we have “mixed representation”.
It is interesting to apply the equations (4) to the solve of substantial
physical problem.
For example, lets consider the problem of stability of the quasi orbital
motions of a small magnetized rigid body in an axially symmetric magnetic
field [3,4,5]. In the cited papers was assumed that a small body with magnetic
moment is a symmetric top (i.e. I1 = I2 = I⊥) in terms of mechanics.
And we applied the group-theoretic methods of Hamiltonian mechanics for
investigations of them [4,6,7]. For so-called relative equilibria the authors
succeeded in obtain an analytical proof of the motion stability.
Notice that a symmetrical rigid body is an idealized case, so it is im-
portant to know whether the stability is retained for the small deviations
from symmetry, i.e. for I1 6= I2. But in that case the group-theoretical ap-
proach that previously used becomes an unapplicable. The direct numerical
modeling of equations (4) is an alternative to an analytical study.
From a physical point of view, reasonable to expect that for small devia-
tions of the body parameters from a symmetric top and small deviations of
initial conditions from initial conditions of relative equilibrium a perturba-
tion of the trajectory will be also small and so stability that was detected
analytically will remain unchanged.
Remark. From a philosophical point of view, any experiment, i.e. natural
or numerical simulation can not prove the system stability. They only can
gives an arguments in favor of an existance of the stability.
From [8,9] known that description of a rigid body motion in quaternion
variables are substantially increases the efficiency of numerical simulation in
comparison with a description in matrices.
Among other things in contrast to the Euler angles the description in
quaternion variables is invariant and not required the computation of trigono-
metric function for the variables. Beside that the description has only one
redundant parameter in contrast of matrix description (see [6,10]). Indeed the
only one equation associates the four parameters of a quaternion vs matrix
description when orthogonality supported by using six constrains between its
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elements.
(5) q20 + q
2
1 + q
2
2 + q
2
3 = 1
However, even condition (5) leads to the problems at the numerical simu-
lation of the equations (4). This problem is well known and usually solved by
creation of special geometric integrators [11]. In particular the correspond-
ing integrator based on use of orthogonal matrices for description of the rigid
body dynamics was proposed in paper [10].
Mentioned above the advantage of using quaternion variables spreads on
their using in the integrator that is proposed here.
2 Mathematical model
Our model consists from the following elements.
1. Magnetic field of the Orbitron.
Two opposite magnetic poles ±κ will be placed on z-axis at ∓h points.
Thus the magnetic field of the Orbitron B has the form:
(6) B(r) =
∑
ε=±1
Bε(r), Bε = −
µ0
4π
εκ
r − εhez
|r − εhez|3
By its construction the field B has axial symmetry with respect to z-axis.
2. A small rigid body that interacts with a magnetic field is a magnetic
dipole. Simultaneously its mechanical properties correspond to an asymmet-
rical body with mass m and the principal moments of the inertia I1, I2, I3.
Let |~µ|N — magnetic moment (where N is 3-component arithmetical vector)
of the rigid body is a fixed vector in the system associated with the body.
Remark. In general its direction is not coincide with any of the directions
of the principal axes of inertia in contrast to the symmetric top, where we
assumed that the magnetic moment parallel to the vector ~E3.
3. We obtain the Hamiltonian equations of motion for magnetic dipole-
top in the external magnetic field from (4) with Hamiltonian (3).
Let’s write the potential energy of the system and its derivatives with
respect to the spatial and quaternion variables explicitly.
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Potential energy of a dipole in a magnetic field is
(7) V (~x, q) = −〈~µ, ~B〉 = −|~µ|〈~ν, ~B〉
Let ~ei are unit vectors of inertial system and ~Ek are directing unit vectors
of the principal axes of inertia and Qik matrix transformation the variables
in the body frame to the variables in the inertial system, i.e.
~Ek = Qik~ei
Matrix Qik in quaternion variables have the form
Qik = (2q
2
0 − 1)δik + 2qiqk − 2q0qjεjik
Relation between components Nk of the directing unit vector of the mag-
netic moment in the body frame and in the inertial system is νi has the
form
(8) νi = QikNk
Then
(9) 〈~ν, ~B〉 = νiB
i = BiQikNk
= (2q20 − 1)(NiB
i) + 2(Nkqk)(qiB
i) + 2q0qjεjkiN
kBi
We can give an invariant form for the expression (9).
Let’s suppose that Nk and Bi are the components of the pure quaternions
(but in geometric sense they are the components of the vectors in the different
frames of reference).
By using quaternions the expression (8) can be written in form
(10) ν = qNq−1
Accordingly
(11) 〈~ν, ~B〉 = 〈B, qNq−1〉 = 〈Bq, qN〉
Then the total differential with respect to q has the form
(12) d(q)〈~ν, ~B〉 = d(q)〈Bq, qN〉 = 〈Bdq, qN〉+ 〈Bq, dqN〉
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i.e.
(12a) d(q)〈~ν, ~B〉 = 〈Beµdq
µ, qN〉+ 〈Bq, eµdq
µN〉
Hence
(12b)
∂
∂qµ
〈~ν, ~B〉 = 〈Beµ, qN〉+ 〈Bq, eµN〉
Remark. For the scalar product of quaternions the following representa-
tions are true
(13) 〈a, b〉 =
1
2
(ab† + ba†) = 〈a†, b†〉 =
1
2
(a†b+ b†a)
The important properties of the scalar product are arise from here
(14) 〈qa, b〉 = 〈a, q†b〉; 〈a, bq〉 = 〈aq†, b〉,
where q, a, b – arbitrary quaternions.
Then we have (B† = −B and N† = −N)
(15) ∇(q)〈~ν, ~B〉 = eµ〈Beµ, qN〉+ eµ〈Bq, eµN〉 =
−eµ〈eµ,BqN〉 − eµ〈BqN, eµ〉 =
−2eµ〈eµ,BqN〉 = −2BqN
and
(16) q−1∇(q)〈~ν, ~B〉 = −2(q−1Bq)N
analogically from (11) by differentiating with respect to ~x we obtain
(17) p˙i = −∂xV = |~µ|〈q
−1Nq, ∂iB〉
Substituting (16) and (17) into (4) we obtain equations of motion for the
dipole-top
(4a)


x˙ = 1
m
p;
p˙i = |~µ|〈q
−1Nq, ∂iB〉;
q˙ = qΩ
2
, Ωi =
1
2
(I−1)ikMk;
Π˙ = −ℑ (ΩΠ+ 2|~µ|(q−1Bq)N)
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3 Geometric integrator
In the article [10] was declared the importance of applying the geometric
integrators in study of the systems with energy conservation on long time
intervals [11]. It is equally important that in our case not only the Poisson
structure conserved but also the Casimir function (5). Violation of the last
condition means the exit of the scope of the theory of rigid body.
In contrast to [10] where the matrix approach to description of a rigid
body was implemented here we use quaternion approach. From one hand that
is simplifies the control of orthogonality of a movable basis of an asymmetric
rigid body but other hand requires finding of an analytical solution of the
third equation of the system (4a).
Similarly to [10] for solution of (4a) on one integration step are realized
the consecutive integration of equations with potential and kinetic energies.
Moreover the part of system (4a) with the kinetic energy integrates fully
analytically. But for the integration of part related to potential energy is
applied numerical method of integration of the 2-nd order as in [11].
The analytical solution of the equation
q˙ = q
Ω
2
where Ω = const — pure quaternion is given by
(18) q(t) = q(t0) exp
(
Ω(t− t0)
2
)
Remark. Function exp is completely determined by the following proper-
ties
(19)
{
exp(Ω
2
t1) exp(
Ω
2
t2) = exp(
Ω
2
(t1 + t2));
exp (0) = 1.
From (19) is easy to verify
(20) exp
(
Ω(t− t0)
2
)
= cos
(
|Ω|(t− t0)
2
)
+ sin
(
|Ω|(t− t0)
2
)
Ω
|Ω|
Accordingly the solution of equation
x˙ =
1
m
p
9
has the form
(21) x(t) = x(t0) +
p(t0)
m
(t− t0)
Thus (18) and (21) give the expressions for our geometric integrator in
quaternion representation.
4 Estimation of physical parameters
As already mentioned above, as a starting point, i.e. the set of physical
parameters and initial conditions we take the relative equilibrium in the
Orbitron system for a symmetric top [3]. For this system the realistic phys-
ical parameters based on the properties of modern magnetic materials were
choosen.
These parameters presented bellow.
For the magnets produced from NdFeB density — ρ = 7, 4 · 103(kg/m3)
and residual magnetic induction — Br = 0, 25(T ). Then easily to get the
charge of magnetic pole κ = 17, 6(A ·m). The distance between poles L =
2h = 0, 1(m).
Let’s chose the movable magnet in the form of a cylinder (or rather disk)
with a diameter d = 0, 014(m) and height l = 0, 006(m). So, the magnetic
moment of the disk µ = 0, 18(A ·m2).
Eventually for the orbit of radius r0 = 1, 5h = 0, 075(m) we obtain the
angular velocity of the orbital motion ω = 1, 54(rad/sec), at that the mini-
mum angular velocity of the disk rotation in this case is Ω = 72, 8(rad/sec).
Such values of the angular velocities look quite reasonable.
Remark. The initial conditions for the relative equilibrium of the Orbitron
(I1 = I2 = I⊥, N = (0, 0, 1) — in body frame):
1.1. Translational variables — the same values as for Orbitron.
1.2. Rotational variables q = e0 = (1, 0, 0, 0).
1.3. Initial value Π = 2M, where M is initial value for Orbitron.
1.4. At start point the base vectors of the inertial system and body frame
are coincide.
Variations of the initial conditions are analogous to the Orbitron. In
addition to variations of the initial conditions the subject to variations are
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the parameters of the body, namely, the moments of inertia I and directing
unit vector of the magnetic moment N.
Remark: The quaternions q,N must to be normalized after operations of
variations.
We conducted a simulation of 10000 trajectories that differ from each
other with the random variations of parameters and initial conditions in
the range of relative deviations from the starting point ∼ 1%. Each of the
trajectories consistes of 100 quasi-orbits. Stability loss has not been detected
for these quasi-orbits.
Despite the fact that first stable orbital motions have been found based
on group-theoretic methods in mechanics for systems with symmetry [3,5,12],
the results of this work show that with respect to the problem of dynamic
stability the requirements of the symmetry are not critical. Indeed, at least
for small deviations with respect to the symmetry we observe the persistence
of the stability.
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